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Mathematical Problem Solving Strategies
This web site contains a collection of problems, with solutions and strategies, laid out in a systematically manner to assist students / teachers with problem solving. These problems are designed with year 9 to 12 students in mind; however, they may be suitable for an even wider range of people. 

What is a Problem?
A mathematical problem, like any problem in life, is defined as a problem because it causes us much difficulty in attaining a solution. If the solution, or even the procedure for solving it, is obvious to you then it is no longer a problem but just an exercise. Much of our classroom mathematics is composed of repetitive exercises. ( This teaching method does have a useful purpose but it should not be all that mathematics is about. ) 

A question is a problem if the procedure or method of solution is not immediately known to you but requires you to apply creativity and previous knowledge in new and unfamiliar situations. In a problem, you are not aware of any algorithm that will guarantee a solution. 

"To have a problem means to search consciously for some action appropriate to attain some clearly conceived but not immediately attainable aim. To solve a problem means to find such an action." (George Polya)
Algorithms vs. Heuristics
Algorithms are special methods specifically designed for solving a certain type of question. We have all learnt algorithms for specific situations, such as, the FOIL method for multiplication of binomials. This method has been developed for that specific situation. 

Heuristics are general suggestions that may be applicable to all types of questions. They contain a series of tasks, each containing a series of decisions, that are loosely combined to form a model which can assist in problem solving. 
The set of heuristics below is based on the work of Krulik & Rudnick (1989). 
  

	Read the Problem
	Explore
	Select a Strategy
	Solve
	Look Back

	Note key words. 
What is known? 
What is unknown? 
What do you want ? 
Restate the problem.
	Organize the info. 
Picture the problem. 
Draw diagram / table. 
Do you know a related problem that helps?
	Here are just a few: 
Pattern recognition. 
Working backwards. 
Guess and check. 
Reduce or simplify.
	Carry out your strategy. 
Think of the big steps 
then do little steps. 
Always think ahead.
	Check your answer(s) 
Does it make sense? 
Reflect on solution. 
The process used is key, not the answer


The five components above do not guarantee a solution. They are simply meant as a guide, not an algorithm, since problem solving is a process which has no set method. However, the use of a set of heuristics and familiarity with various strategies can combine with previous knowledge, creativity and perseverance to form a strong arsenal for attacking problems. 

· Starting at Problem 1, they are encouraged to first attempt to solve the problem. 

· Do not be discouraged, they are meant to be problems and do require time! 

· If they are unsuccessful after trying for some time, read the hint provided. (They must try first) 

· After a good effort you should view the strategy and solution page. 

· The strategy shown on the solution page represents just one of the various ways in which the problem could be solved. Most problems can be solved in various different ways. 

· Study the process so that you may use the strategy in future problems. 

· After being introduced to three problems and strategies, try the review problems. 

· These involve the strategies which you have previously been introduced to. 

· Hopefully you will find the review problems easier since you are now equipped with strategies for solving them. However, remember they are problems and therefore they should take time so be persistent and do not get discouraged. Rise to the challenge! 

Strategies
The following is a list of common strategies that can be used in solving the problems within this web site. This is not meant to be an exhaustive list of strategies. 

· draw a diagram 

· look for a pattern 

· Simplify: solve a simplified problem 

· solve for critical or extreme cases 

· make an organized list or table 

· Estimation: guess and check 

· work backwards 

· use logical reasoning 

· write equations or ratios 

Problem 1
The Cynical Grandpa
In his will, a cynical Grandfather leaves his two grandchildren land. Bill gets a plot measuring 25m by 50m by 75m and Jane gets a plot measuring 15m by 20m by 25m. Who is his favourite grandchild ? ( who gets the most land )
Hint: Visualize triangles - try to draw each accurately.

The Cynical Grandpa - Strategy: Draw a picture 

This problem is designed to show you the importance of visualizing the problem before you try to solve it with abstract equations. Many people try to solve this problem by using area formulas, however, much time would be saved if they tried to draw the two plots of land. 

Bill's dimensions are 25m by 50m by 75m. 
Using a scale, this can become 2.5cm by 5.0cm by 7.5cm. 
If you draw a line 7.5cm, the 2.5cm side and the 5.0cm side must be flat along the 7.5cm side in order to reach the two ends. 
This would give you a flat triangle with no area. Try to draw it for yourself. 
Grandpa has left Bill no land ! ( Grandpa's sarcasm never dies. ) 

Jane's dimensions of 15m by 20m by 25m do give a triangular area of land. 
We have not been asked to find the area, we just want to know who got the bigger plot. 

Thus, the answer to our problem is Jane. She is the favorite grandchild.
Problem 2
Intersecting Lines 

Using seven distinct straight lines, what is the maximum number of points of intersection ? 

 Hint: Look for a pattern. Keep going until you find a pattern. Draw 2 intersecting lines - how many points ? 

Draw 3 intersecting lines - how many points ?  etc.

Intersecting Lines - Strategy: Look for a pattern.  Also, draw and use table.
To begin this problem many people start by drawing the lines. Drawing is always a good strategy to use; however, sometimes the drawing becomes tricky and too detailed. 

Due to this, you should always be thinking about the problem as you draw and perhaps you may find a pattern within the madness. This could save you time and frustration! 

Recording data in a table will help you to see any patterns that may exist. As you draw each line, record the # of points of intersection. Look for a pattern in the number of additional new points that are created by each new line. 
  

	# of lines
	# of points of intersection
	# of new points

	1 line drawn
	0 pts of intersection
	 - - - - - - - - - - - - - -

	2 lines drawn
	1 pts of intersection
	1 more than previous

	3 lines drawn
	3 pts of intersection
	2 more than previous

	4 lines drawn
	6 pts of intersection
	3 more than previous

	5 lines drawn
	 
	 

	6 lines drawn
	 
	 

	7 lines drawn
	 
	 


From our table we see that each additional line drawn can only intersect each of the previous lines once. Thus, the number of new intersection points is always equal to the number of previously drawn lines. Due to this the fifth line drawn will intersect the previous four lines and create a maximum of four new points of intersection. 

Once we have recognized and double checked our pattern we can abandon trying to draw the complex diagram. We can now proceed with our pattern and use our table. 
  

	# of lines
	# of points of intersection
	# of new points

	4 lines drawn
	6 pts of intersection
	3 more than previous

	5 lines drawn
	6 + 4 = 10 pts
	4 more than previous

	6 lines drawn
	10 + 5 = 15 pts
	5 more than previous

	7 lines drawn
	15 + 6 = 21 pts
	6 more than previous


The answer to our problem is 21 points of intersection.
Problem 3
The Missing Numerators 

Find the value of x and y in the equation below, where both variables are positive integers. 
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Hint: Simplify the equation so that you can guess and check.

The Missing Numerators - Strategy: Guess and Check.  Also, simplifying. 

Having only one equation with two unknowns, it is very difficult to solve algebraically.  

Upon examining the equation, we see that the sum is less than one. Since both x and y are positive integers, we can tell that x < 5 and y < 7. 
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Since we have an equation and only a few possiblities we can use guess and check. However, to make life easier we can first simplify the equation by getting a common denominator. This gives us: 
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We now know that x < 5, y < 7 and [image: image4.jpg]Tx +5y =29



. 

At this point in the problem we can guess and check for the limited values of x and y. 
I will start with x = 1 (the larger numbers seem too big!). 

For x = 1: 7 + 5, 7 + 10, 7 + 15, 7 + 20, 7 + 25  >>> X can't equal 1. 

For x = 2: 14 + 5, 14 + 10, 14 + 15 = 29  >>> X = 2 and Y = 3. 

The answer for the missing numerators are x = 2  and  y = 3.
Try these to review the strategies covered through problems 1 to 3.

a)
The first four triangular numbers are 1, 3, 6 and 10. 

[image: image5.jpg]



What is the 10th triangular number?

b)
L'Anse aux Meadows is west of Quirpon. Straitsview is east of L'Anse aux Meadows but west of Quirpon. Ship Cove is east of Raleigh but west of L'Anse aux Meadows and Straitsview. Which of the five places is farthest east ?

c)
A piece of wire 52cm long is cut into two parts. Each part is then bent to form a square. The total area of the two squares is 97 cm2. How much longer is a side of the larger square than a side of the smaller square ?  (Consider only intergers for the lengths of the sides.)

Try these to review the strategies covered through problems 4 to 6.

d)
One night Sarah spent 1/3 of her money on dinner and then 1/4 of the remaining money on dessert. She then had just enough left so that she could buy two $3 tickets for the hockey game. How much money did Sarah have at the start of the night ?

e)
A large sheet of 1mm thick cardboard is cut in half and one piece is placed on top of the other. These are then cut in half and stacked on top of each other, creating a thicker pile. These four sheets are then cut in half and stacked on top of each other. If this process continues, how high will the last pile be if a total of 12 cuts and stacks occur?

f) An entry code for the computer lab contains four digits. If the sum of these digits is to be 35 or greater, how many possible codes could there be?

Problem 4
Subtract, then Add, then Subtract, then Add -- aahhh
Find the value of  1 - 2 + 3 - 4 + 5 - 6 + ... - 100.
Hint: Note pattern, then Solve for a Simpler problem.

Subtract, then Add -- aahhh - Strategy: Solve for simpler problem. Also, patterns.
In studying this problem, one might first notice the pattern. However, continuing it up to 100 would consist of a lot of repetitiveness. 

Solving the pattern for a simpler problem may be useful. 

Lets first find the value of  1 - 2 + 3 - 4 + 5 - 6 + 7 - 8 + 9 - 10. 

Here we see that we can get (1 - 2) + (3 - 4) + (5 - 6) + (7 - 8) + (9 - 10). 

We now get a new pattern of (-1) + (-1) + (-1) +(-1) + (-1) for our simpler problem. 

From 1 to 10 there are 5 pairs which give us 5 (-1)'s. 

Therefore, from 1 to 100 there are 50 pairs which give us 50 (-1)'s. This totals -50. 

The answer is - 50.
Problem 5
A fraction of the fish
One day Adam, Jason and Mark went fishing. When they got home, Adam took 1/3 of the fish and left while the other two were unpacking. Jason and Mark did not know that Adam took his fish. When Jason was leaving, Mark told him to take 1/3 of the fish in the box. After getting settled away, Mark then looked in the fish box and counted 40 fish. He suspected that something was wrong so he called Adam's house to find out if Adam had taken any fish. Adam's wife said that he had taken 1/3 of the fish but she did not know how many that was. 
After thinking about the situation for a while, Mark then called Jason on the phone. Mark told Jason that some of the 40 remaining fish were his and that he could pick them up later if he could solve the problem and determine the number of fish that they should have each equally received. 

How many fish should each guy have received ?
Hint: Work backwards. Start with the known amount of 40 fish.

A fraction of the fish- Strategy: Working Backwards.
By starting with the known amount of 40 fish and then working backwards, we will have fewer algebraic expressions then if we had of started with x as the original total fish. 

Mark was left with 40 fish after Jason took 1/3. Thus, 40 was 2/3 of the number of fish that Jason picked from. Therefore, Jason picked from 60 fish. 

Jason and Mark were left with 60 fish after Adam took 1/3. Thus, 60 was 2/3 of the number of fish that Adam picked from. Therefore, Adam picked from 90 fish, the original total that the guys caught. 

Since they caught 90 fish and each was to get 1/3, they should each have 30 fish. 

The answer is 30 fish each.
Problem 6
An A+ Student's Lowest Score
This year in math the teacher will be giving 5 tests, each scored out of 100. If Heather wishes to get an A+ average (90 or above), what is the lowest possible score she can receive on a test ?
Hint: Consider Extreme or Critical Cases. Lowest possible score on one and highest possible scores on others.

An A+ Student's Lowest Score - Strategy: Consider Extreme or Critical Cases.
In order to find the lowest possible score on one test, we should consider the extreme highest possible score of 100 on each of the other four tests. 

Since we are looking for the lowest possible score while still having an A+ average, we should consider her average to be the lowest A+ average, 90. 

An average of 90 in five tests would mean a total of 450 for the sum of the five tests. 

Since we considered the extreme highest score of 100 on four tests, this gives a sum of 400 for the four best tests. Since the five scores add to 450, this leaves a score of 50 for the lowest test. 

The answer is 50. Her lowest mark can not be less than 50.
