Mental Imagery in Mathematics.

There is compelling evidence that imagery plays a significant role in mathematical reasoning. For example, a young child may add 7 + 5 by mentally "moving" 1 from the 7 to the 5 to form 6 + 6, a known double. Or a child might determine how many one-inch cubes there are in a rectangular solid 3" by 3" by 4" by visualizing the solid as composed of three layers. Whether working in a numerical or geometric context, when students are engaged in meaningful mathematics rather than rote computation, it is quite likely they will be using some form of imagery. 

When doing mathematics, the nature of the images formed depends on prior mental constructions, intentions, and the situation under which the image is constructed. For example, a child might form an image of 'triangle' as formed by a horizontal base and a point above the base. If this image of a triangle is the child's only image of a triangle, then their concept of triangle is quite limited. A child has a richer concept of triangle when they can transform their image of triangle flexibly. 

Imagine a white rectangle.  A coloured triangle is placed so that it fits into one of the corners of the rectangle.  Another triangle is then placed into one of the corners.  Draw what you see.
There are many possible visualisations, some of which are shown below.

The discussion of what they saw is a crucial component of the activity. Encourage students to talk about their drawings. Show enthusiasm for all interpretations. Be non-judgemental, accepting all descriptions. Some students will be inspired by what others say. It is not unusual for five or more different ways of seeing the figure to be described. The whole class discussion of helps students get comfortable explaining their thinking to the class. There are no wrong answers. This carries over to lesson discussions of other topics. In learning mathematics, it is important that students become competent articulating their thoughts as well as listening to other students.
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As an example of imaging in problem solving, consider the Long Table Problem.

The Long Table
Tiffany is arranging tables for a party. She has 12 square tables that she wants to put together to make one long table. Each of the small tables seats one person or side. How many people can be seated? 
PRIVATE

Most students successful in solving this problem, at a young age, elaborated their image of one table to twelve, often drawing out the twelve tables, and proceeded to count how many seats were available. Some students make no marks on paper but have a mental picture of the twelve tables in a row allowing them to count the number of seats available. These students have powerful mental imagery. The individual differences in imaging among children are striking.

The discussion of what they saw is a crucial component of the activity. Encourage students to talk about their drawings. Show enthusiasm for all interpretations. Be non-judgemental, accepting all descriptions. Some students will be inspired by what others say. It is not unusual for five or more different ways of seeing the figure to be described. The whole class discussion of helps students get comfortable explaining their thinking to the class. There are no wrong answers. This carries over to lesson discussions of other topics. In learning mathematics, it is important that students become competent articulating their thoughts as well as listening to other students.

Try these:

Pulling Shapes:

Close eyes – choose any four-sided shape and place it in the middle of your mental page - go to one corner and pull it in any direction you wish - what happens to your shape? - look at your new shape – choose another of its corners – pull that corner in any direction – watch how your shape changes – look at your new shape.

Open eyes – try to draw your original shape, the shape after pulling at one corner and the shape you finished with after pulling the second corner.

This will produce some quite complex sets of drawings and may be difficult to immediately pull together at the front of the class.  If so, give each pupil an A4 sheet to draw their three-stage diagrams of the quadrilateral and ask them to write a commentary about the changes – this could be an immediate sketching in the class, followed by a homework for more reflective and accurate work – results could form a wall display and be used for further discussion about transformations.

Reflections:

Close eyes – on the left of your picture see a quadrilateral (four-sided shape) – to the right of your quadrilateral draw a line (you could say vertical but this is not essential) – reflect your quadrilateral in the line – look at the new shape.

Open eyes – draw your quadrilateral, the line and new (reflected) shape.

Collect a range of different drawings and discuss some of the properties of reflection.

From a Half:

Close eyes – imagine a half – make it five times larger – give a half of what you have now to someone else – look at what you have left.

Open eyes – draw or write the first half, the five times bigger bit and what you have left.

Discuss the different ways this is tackled – it gives the opportunity for pupils to work from shapes or numbers.

A Decimal Line:

Close eyes – see a line segment (or a line where you can see both ends) – place a zero at one end and a number of your own choice at the other end – make a mark on your line -  put the number you think should be on the mark.

Open eyes – draw your line and mark the three numbers.

Select examples and discuss with the class (group).

Extension:  carry out the same activity but with a zero at one end and a one at the other end.  Discuss some of the drawings.

Continue with the ‘eyes shut’ activity to get them marking very near to the zero or one and deciding what the ‘marked’ number would be – this could lead to more than one decimal place markings.

Sequences:

Close eyes – imagine a line segment – make marks along the line which are equal distances apart – on each mark, starting from the left, write some numbers.

Open eyes – draw your ‘number line’ – include all the numbers written on it.

Collect examples that mostly show a sequence but includes at least one that is not obviously a sequence.  Discuss with the class what the rules for each sequence might be – if there is a ‘difficult’ one then encourage them to make up rules.

