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 A possible teaching sequence to introduce differentiation!

Part 1: To give an intuitive meaning to the slope (or gradient) of a curve at a point

1. Plot the graph of a non-linear function: eg   y = x² 
2. Use [image: image1.png]


 to place a point on the curve at say x = 1 or at some suitable "curvy" section.
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· Press [image: image5.png]


 to return to the default scales, 

    –6 ( x ( 6  and   –4 ( y ( 4

or click on the [image: image6.png]


 button to set scales of your choice.
The tangent should still be plotted on the curve at (1,1), and both curve and tangent plotted

· For part 2 of this teaching sequence I would suggest setting the scales as follows:

–8 ( x ( 8  and   –20 ( y ( 60

As you become more familiar with Autograph you will do your own scaling to suit your own teaching style.

Select the point through which the tangent was drawn. You will need to have the [image: image7.bmp] button selected. When you are over the point the cursor will change shape. Left click and hold the left mouse button down. Now move the cursor around the screen while still holding the left mouse button down. Notice that the tangent moves along the curve. Also notice that the equation of the tangent is continually updated in the status bar at the bottom of your screen.

To better control the movement of the point and the associated tangent to the curve at the point,
(i) move your mouse cursor along the x-axis while still holding the left mouse button down.  OR

(ii) Use the ( and ( cursor keys on the keyboard. This is the more orderly way of managing the movement of the point and related tangent.

(You could start this teaching sequence with linear functions but at this stage it may not be as fruitful–!! My opinion)

Part 2: To study the limiting position of the secant at a point

1. Move the point (and the tangent) to the point where x = 2

2. Double click on the equation y = x² . This will bring up the equation entry dialogue box used to enter the original equation y = x² . Edit the equation to read y = x² + 5 then press ENTER. The graph and the tangent will automatically update to the new settings.

3. Make sure that the point containing the tangent is at the point on the curve where x = 2 

4. Select the [image: image8.png]


 button  and place a second point on the curve somewhere around x = 6.

5. Both the tangent point and this second point must now be selected. You will need to hold down the SHIFT key while selecting the second of the two points. (In fact if you hold down shift while placing the second point on the curve the other point is automatically selected)

6. With both points selected right-click and select Gradient from the menu offered. It would help with the analysis if this gradient triangle was made of thick lines, so once the gradient triangle appears select it and click on the line thickness button[image: image9.png]


 

7. Again select both points, right-click and select Straight Line from the menu offered
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This process should be repeated for several points on the curve
· Select the point at Q and slide it along the curve towards P. You can do this either by using the mouse with the left mouse button held down, or by using the arrow cursor keys ( and  (.
This moves the point in steps of 0(1of the pip-mark on the x-axis 

· The equation of the secant is given in the status bar below the graph in the form      y = mx+ b.
Thus the gradient of the secant line can be observed as Q approaches P
(If you select the gradient triangle and the point Q jointly you will be given further details in the status bar which is displayed below the graph.
(See the diagram to the left).
· You can move the point Q so that it approaches P from either side.
ie. Q approaches P from the left or the right and the slope of the limiting  position of the secant is seen to be the same as the slope of the tangent at P
· If you hold down SHIFT as you move Q it will move in steps equal to the pips on the x-scale. If you hold down the CTRL key the step is 0(01 of the previous step. With SHIFT/ CTRL the step is 0(001 of the pips on the x-scale.

CONCLUSION (to be elicited from the students themselves?): 

The slope of a curve at a point P is the slope of the limiting position of the secant PQ as Q approaches P. ie        The slope of the curve at any point is the same as the slope of the tangent at that point


Part 3:   The gradient function

1. Click on [image: image11.png]


 to obtain a new graph page.

2. Press enter and key in the equation y =. x2 + 5 

3. Set the axis scales –6 ( x ( 6  and   –20 ( y ( 50
4. Place a point on the curve at the point (–5,30), right click and draw the tangent at this point.
(Remember you can use the SHIFT & ( or ( to help place your point at the pip marks) 
5. Use the information provided in the status bar below the graph to check the point and the slope of the tangent at that value of x. The aim is to build up a table of values pairing each value of x with the slope of the tangent to the curve for that x-value.

6. Hold down the SHIFT key and use the keyboard cursor key  ( to move the point to the right and obtain the next pair of values.
x
–5
–4
–3
–2
–1
0
1
2
3
4
5

Gradient y(
–10
–8
–6
–4
–2
0
2
4
6
8
10

7. Plot this new function which pairs each x-value with the slope of the curve at that x-value.
Do this on the same graph as the original function y =. x2 + 5

8. Determine the rule for this new function, that for now we shall call The Gradient Function.
Use any means,such as difference patterns, to find the rule. (This one is straight forward!)
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Repeat steps 1 to 8 for each of the following functions.

1. y =. x2 – 7

2. y =. x2 + 8

3. y =. x2 + x
4. y =. x2 –  4x
5. y =. x2 +  6x – 3

6. y =. x2 –  2x – 9

7. y =. 2x2
8. y =. -3x2 +  5x – 3

9. y =. 3x – 7

10. y =. –4x + 2

What conclusions if any can be drawn from the above examples?

This approach does work extremely well if students are familiar with deriving rules for functions using difference patterns. Teachers who are inclined to use it can gradually extend this to include more difficult examples up to polynomials of degree 4. Some further examples could be: 
y =.x3 +  x2 : y =.2x3 +  5x2 - 9x;
y =.(x +  3)2
y =.(4x –  3)2 and so on

Part 4:   The gradient function using Autograph's Gradient Function plotter [image: image13.png]


:

This section should be used in conjunction with part 3 not only to check students solutions in part 3, but to reinforce the consept that the plot of The Gradient Function is in fact a function based on the slope of the original function. This fits in well with later discussion about the rate of change of a function
1. Click on [image: image14.png]


 to obtain a new graph page. The other window can be recalled via the <window> menu
2. Press EQ \X(Enter) and key in the equation y =. x2 + 5.  Set the scales –6 ( x ( 6 and –20 ( y ( 50
3. On the tool bar click on the turtle button  [image: image15.png]


 (slow plot). Hold the [image: image16.bmp] cursor pointer above each button shown above, and the button tip shows the purpose of each button.

Note that these are similar to the symbols used on most modern play/record devices (replot; pause; fast forward, slow plot)
4. Select the button [image: image17.png]


 and one of two possible windows will be displayed as shown below
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At this stage students should go back to part three and, by carrying out the two steps below, confirm that the equation that they determined to be the gradient function does indeed match the gradient function 

· Step 1:  Plot each of the given functions

· Step 2:  Plot the gradient function by clicking on the  [image: image21.png]


 (Gradient Function) button.

Warning: if you have more than one function plotted on your graph page, you must first select the

 function for which the Gradient function is to be plotted. 
· Step 3:  Enter the function that you considered to be the gradient function and confirm that it 

is in fact the gradient function. 

(If it is the correct gradient function it should follow the same graph as that plotted in step 2.)
The steps outlined in parts 1 to 4 give possible starting points for introducing the concept of differentiation. With careful selection of examples and the provision of graded exercises, students should be able to draw certain conclusions before progressing on to the more formal development of the operation called DIFFERENTIATION

Comments and points to note



















Part 4: The Derivative considered as a limit     EQ \S(lim,h(0)

 EQ \B\bc\[(\f(f(x+h) – f(x),h)) = f((x)

1. Click on [image: image22.png]


 to obtain a new graph page. Use the [image: image23.bmp] toolbar button and input the equation
.f(x) = x2 –  4x..

2. Press EQ \X(Enter) and key in the equation  y =. f(x).  Also plot the gradient function as shown above. You may wish to rescale. – set the scaling for  –4 ( x ( 8 and –20 ( y ( 50
3. Press EQ \X(Enter) and key in      y =   EQ \B\bc\[(\f(f(x+h) – f(x),h)) Autograph plots this for h =1
4. From the toolbar buttons select the [image: image24.png]


 (Constant Controller key). This puts a window on top of the graph window with the facility to vary the value of h by any step you nominate.
To get the plotting started, Autograph automatically uses the default value of 1 for any constants, and a default incremental step of 0(1. See the diagram below.
You can enter any starting value you wish for h and also the size of the incremental step.

5. Click on the [image: image25.png]s



 buttons to increase or decrease the value of h by the amount stipulated in the step box. The line representing the set of limiting values of the slopes of the secant lines is animated and moves accordingly with the changing values of h. You can vary the incremental step and by judicious use of the zoom facility you can observe what happens to the graph of the limiting function   f'(x) =   EQ \B\bc\[(\f([(x+h)2 – 4(x +h)] – (x2 – 4x),h)) as  h( 0
This limit is defined as  f '(x) or  EQ \F(dy,dx) and is called the derivative of the function y = f(x)

[We are in effect considering  (x , (y and   EQ \F((y,(x). or  EQ \F(y2 – y1, x2  – x1)   Link this to the secant work in Part 2]
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To do the exercise suggested, all you need to do is 
click on the [image: image27.bmp] toolbar button and edit f(x)

The use of Video clips in Autograph

With the point selected, right-click and choose Tangent. This will draw a tangent to the curve at that point





Select the zoom button � place it over the point on the graph through which the tangent has been drawn and left click to zoom in. The scales will automatically adjust to each zoom





Zoom in until the curve and tangent are indistinguishable from each other. The slope of the curve at that point is the defined to be the same as the slope of the tangent at that point.





Calculus3.agg





This window normally appears if you are plotting the gradient function. �(But depending upon what else you have done the second window may appear).


Note that it names the new function to be plotted �	Gradient 1�and does not give the equation that corresponds to the actual function that will be plotted.


This is an excellent facility in that students can be asked to plot the actual function that they consider to be the gradient function.





This window appears if you press the replot button once the gradient function has  previously been drawn.


Note the three choices offered. 


You should have the slow plot (Turtle button) selected to make the best use of these features


Any of the features may be de-selected by un-checking the box to the left of that feature.


Again, the plot does not give the equation that corresponds to the actual function that will be plotted.


The� button or � EQ \X(Space bar) �can be used to pause the plotting. Press the same button/key to resume the plotting.





A key feature to emphasise


For each value of x, the gradient function plots the point that gives the gradient of the function at that x-value.








The limit  � EQ \S(lim,h(0)�� EQ \B\bc\[(\f(f(x+h) – f(x),h))��is defined as the derivative of f(x)


f '(x) = � EQ \S(lim,h(0)�� EQ \B\bc\[(\f(f(x+h) – f(x),h))� =  � EQ \F(dy,dx) �


The gradient function is one example of this special limit�Repeat this exercise for the function�y= (x –4)(x –1)(x + 3)


Start with h set at 1 and use an initial step of 0(1�then successively alter the step to 0(01, 0(001 each time h( 0 in the previous step size. �Use the zoom box button to zoom in rapidly on the limiting function�Let h( 0 from both the negative and positive side
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