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Areas under curves    and     Areas between curves


   

Riemann Sums
Area under curves & bounded by curves     


(i)  The area Under a curve    Linear Functions; (( Riemann Sums
1.  Enter any linear equation. Click on the selection button (arrow). 2.  Select the graph. (It should turn black if you did it correctly).
3.  Right click the mouse button. Select  EQ \X(Find Area)  
In the example I have used y= 2x + 5 and determined the area from x = 0 to  x = 8 so the start point is 0, the end point is 8

The diagrams below show the results for the area using
(i)  Lower Rectangles [(Rectangle(–)] with a partition of 8 divisions
(ii)  Upper Rectangles [(Rectangle(+)] with a partition of 8 divisions
(iii)  The partition changed to 16. 
Experiment with choices available!
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figure 1a
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figure 1b
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figure 1c
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figure 1d
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figure 1e

· Click on the Rectangles so that they are selected.

· Right-click the mouse and select <Update results Box>

· Right-click the mouse and select <Animate objects> This should open a window, which allows you to refine your partition. 

· If you Right-click the mouse and select <Update results Box> this will update area to the latest value for your chosen partition.
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figure 1f
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· Draw the graph of the required function. Here f(x) = x2 + 1
· Select the graph, Right click to get the menu on left. Select Find Area

· From the Edit Area Menu provided select your options: You must select
(i)   The method to use
(ii)  The start and end points
(iii)The partition, or number of divisions.
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· Next select either the lower or the upper rectangles on the graph and then right click
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Select Animate Object then click on the buttons to increase the number
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introducING Integration: via Area

Notice in the Edit Area window you are given the choice of four methods for determining the area 

(i) Rectangle(–) for lower rectangle area sums.

(ii) Rectangle(+) for upper rectangle area sums.

(iii) Trapezium Rule      areas using trapeziums

(iv) Simpson's Rule for determining area.

Students should have some degree of familiarity with all four methods. In particular it should be understood that as n, the number of subdivisions within the partition gets larger the results for all four methods approach the same value (Area). 

Which method approaches (or converges towards) the actual area the quickest?

The animate feature mentioned previously will assist in this concept. Try this with y = 4x – x2
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Figure 2a & 2b

(ii)  The area Under a curve     non-Linear functions

1 Area bounded by Curve & the x-axis

1. EXAMPLE: Draw the graphs of  y=f(x) defined by
y = 2x3 – 8x2 –14x +20
2. To determine the x-intercepts proceed as follows:
Select the graph then press the right mouse button. Select  EQ \X(Solve f(x) = 0)  
To see the solutions …from the <View> menu Select <Results Box>   See figure 2a

3. Select the graph, then press the right mouse button. Select  EQ \X(Find Area)  
4. In the dialogue box enter the first two x-intercepts, then determine which of the four methods you wish to use for calculating the area.  See figure 2b
5. Repeat this process for the second region.
The areas are given in the Results Box.
If you click on a shaded area, the value of the area for that region will be given in the status box at the bottom of the screen. If you press delete while the region is selected that region is deleted 
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Figure - 2c

Students should compare this solution with one that tries to obtain the area from -2 to 5 in one step. This has implications for the way in which they use their graphic calculator.  Consider 
 EQ \I(–2,5,f(x)) dx       Vs          EQ \I(–2,0,f(x)) dx  +   EQ \I(0,5,f(x))     Vs     | EQ \I(–2,0,f(x)) | + | EQ \I(0,5,f(x)) | dx Vs       | EQ \I(–2,0,f(x))  +  EQ \I(0,5,f(x)) | dx
1 Area bounded between two curves
1. Example: Draw the graphs of  y = x2 – 4;   and    y = x(3 – x)
2. Determine the coordinates of any points of intersection. Select both graphs then  press the right mouse button. Select  EQ \X(Solve f(x)=g(x)) 
To see the solutions …from the <View> menu
 select    <Results Box> (see figure 2a) Leave the Results Box open so that the intersection points can be seen. 

3. Select both graphs then  press the right mouse button. Select  EQ \X(Find Area) (see figure 2b). In the start point box enter the x-value of the left intersection point, in the end point box enter the x-value of the right point. In the Divisions box enter the value n, the number of subdivisions.

4. On the graph select the figures used to determine the area, right click and select  EQ \X(Animate Object)  This enables you to adjust the value of n (The number of subdivisions). The value of the area is given in the results bar 
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Figure - 3a

5. An alternative method is to place a point on f(x) = x2  – 4 somewhere near one of the points of intersection. Select both this point and the graph of g(x) = x(3 – x), right click and select  EQ \X(Solve next f(x)=g(x)), then place a point on
g(x) = x(3  – x) somewhere near the second  point of intersection. Select both this point and the graph of
f(x) = x2  – 4, right click and select EQ \X(Solve next f(x)=g(x))
6. When you right click and select  EQ \X(Find Area) (see fig 3b) the x-values of the end-points are entered automatically and hence these boxes are greyed out.
7. Now try the select  EQ \X(Animate Object) (see fig 3b)
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Figure - 3b

For you to try: Determine the area bounded between the curves
 EQ \B\lc\{(\S(y = x3 – 5x2 + 6x,y = x2 + 3x – 10))

1. Plot the two functions. Determine the intersection points.
In this exercise the left x-value and the right x-value for the first loop will be x = –1, and  x = 2
The numerical value of the area appears at the bottom of the screen. If it does not appear just click on the shaded region.
Alternatively  from the <View> menu select <Results Box>
2. Here we shall use Simpsons' rule as shown to the right with 100 divisions 
(Feel free to experiment!)
3. Repeat steps 3 and 4 but this time the second  area loop will be from x = 2,  and   x =5

Compare this with the area enclosed between the x-axis and the curve y = x3 – 6x2 + 3x  +  10   (Again feel free to experiment!)
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Figure - 3c

The Derivative considered as a limit     EQ \S(lim,h(0)

 EQ \B\bc\[(\f(f(x+h) – f(x),h)) = f((x)

1. Consider the function y =.f(x) where f(x) is defined by
 y = x2 +3. Input this equation and plot the function.
2. Then f(x+ h) = (x + h)2 +3 and 
 EQ \S(lim,h(0)

 EQ \B\bc\[(\f(f(x+h) – f(x),h)) =  EQ \S(lim,h(0)

 EQ \B\bc\[(\f([(x+h)2 + 3] – (x2 + 3),h))
3. Plot    f'(x) =   EQ \B\bc\[(\f([(x+h)2 + 3] – (x2 + 3),h)) 
start with h =1set the step = 0(1
[We are in effect considering  (x , (y and   EQ \F((y,(x).]
4. Now use the Constant control button to vary h and the step size for h.

5. Zoom in as necessary - use the zoom box button.
Observe what happens to the graph of the limiting function f'(x) =   EQ \B\bc\[(\f([(x+h)2 + 3] – (x2 + 3),h)) as  h( 0
6. Now plot the gradient function and compare the results
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figure D1

Repeat this exercise for the function
y= (x –4)(x –1)(x + 3)

Start with h set at 1 and use an initial step of 0(1
then successively alter the step to 0(01, 0(001 each time h( 0 in the previous step size. 
Use the zoom box button to zoom in rapidly on the limiting function
Let h( 0 from both the negative and the positive side

The use of Video clips in Autograph
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